In the present paper the natural frequencies of fluid-conveying pipes with pinned-pinned boundary condition are derived explicitly in a systematical and straightforward way with the help of homotopy perturbation method. Numerical results are presented for two cases and the effect of fluid flow velocity on the natural frequencies is discussed. Good agreement with their experimental and FEM counterparts is found numerically over ranges of practical interest.
Introduction
Fluid-conveying pipes find wide applications in the offshore oil industry, nuclear plants, etc., for a variety of purposes. The flow-induced instability is one of the major concerns in both theoretical and practical sense. In this light, considerable research efforts have been devoted to studying the stability of pipes subjected to a moving fluid since the early 1950s. A thorough literature review will not be undertaken in this paper. For that, the readers are referred to [1] . Since the equation of motion is described mathematically by a partial differential equation containing a mixed derivative term with respect to time and space, its solution is generally considerably more difficult to obtain by other than numerical means [2] . Despite that, Housner [3] successfully resolved the flow-induced vibration of pipes with pinned-pinned boundary condition analytically. However, it must be stressed that, for other kinds of boundary conditions, the analytical solutions remain intractable. It also should be commented that the form of that equation's solution proposed by Housner is somewhat difficult for inexperienced researchers.
Because an analytical solution is convenient for parametric studies and accounting for the physics of the problem, it appears more appealing than the numerical one. Thus due to the above concern and seeing that natural frequency analysis is the sine qua non for the analysis of stability, the main objective of this study is to obtain the approximate analytical expression of natural frequencies of fluid-conveying pipes via a very systematic and straightforward method, i.e. homotopy perturbation method (HPM), which will be illustrated briefly in Section 2 by the transverse vibration of a beam, and some results of which will be used in Section 3, the principal part of the paper, to deal with the vibration of fluid-conveying pipe.
HPM demonstrated via a simple example
Recently, interest in the applications of homotopy perturbation method (HPM), which does not depend on a small parameter, for both linear and nonlinear equations has been growing, supported by engineering practice. For example, He developed this method [4] and successfully applied it to nonlinear oscillators with discontinuities [5] , nonlinear wave equations [6] , and boundary value problems [7] . By means of this method, Biazar et al. dealt with partial differential equations [8, 9] and Volterra integral equations of the first kind [10] , Sadighi and Ganji [11] (1)
For convenience, the following non-dimensional variables are used
Eq. (1) is thus transformed to the following dimensionless form
where (˙) = ∂()/∂τ and () = ∂()/∂ξ . The following dimensionless boundary and initial conditions are applied
To investigate the solution of Eq. (3), using homotopy technique in topology, we first construct a homotopy with an
in which the dimensionless frequency Ω is related to the natural frequency of the beam ω, by
It is obvious that changing process of embedding parameter p from zero to unity is just that of Eq. (5) from a simple equation to the original one. According to the HPM, we assume that the solution of Eq. (5) can be expressed in a series of p, namely
After a substitution of the series (7) into Eq. (5), and after a splitting with respect to p, the following initial value problems are obtained
Order
Solving Eq. (8), we have
Substituting Eq. (10) into Eq. (9) results in
Avoiding the presence of secular terms needs
In the similar way, the high-order approximate solutions of Eq. (5), similar with its zero-order one, can be obtained. Then putting p = 1 in Eq. (7), we have
whereφ(ξ ) andψ (ξ ) still satisfy the differential relations (12) , and their solutions read
After satisfying the boundary condition (4a), we have
√ Ω = 0, which yields the following dimensionless frequencies
Then the natural frequencies of the beam are rendered by
The general solution of Eq. (3) is given by
where the coefficients C 1n and D 1n are determined by the initial conditions (4b), that is
Fluid-conveying pipes
As far as fluid is concerned, two extra terms, describing the transport of lateral momentum and centripetal effects, are added into Eq. (1) as derived by Gregory and Païdoussis [12] . Thus the free vibration motion is described by the equation
in which EI is the flexural rigidity of the pipe, ρ is the fluid density, A is flow area, V is the fluid velocity and M is the combined mass per unit length of pipe and fluid. Boundary conditions and initial conditions are applied in the usual manner, as mentioned in Section 2. Two different methods of solution, i.e. Galerkin method and complex mode approach, are proposed and used by Gregory and Païdoussis [12] . For simply supported boundary condition, using Fourier series and Galerkin method, Housner [3] analyzed this equation with the solution being assumed to be the following form
where ω j represents the natural frequency of the jth mode of vibration. It is noteworthy that this kind of solution is somewhat difficult for inexperienced researchers. In this study, an alternative approach will be provided to investigate the natural frequencies of fluid-conveying pipes. Before we proceed with the analysis, it is desirable to express the problem in dimensionless terms and accordingly we choose
With these terms, Eq. (19) in dimensionless form becomes
The pinned-pinned boundary and initial conditions are the same as those described by Eq. (4). Now we construct the following homotopÿ
Similarly, we expand the solution of Eq. (23) into the form
Substituting Eq. (24) into Eq. (23), collecting terms of the same power of p, yields
Order p
Eq. (25) can be solved easily and its solution is given by Eq. (10). After substituting η 0 into Eq. (26), we havë
No secular terms in η 1 requires that
Thus 
To solve Eq. (30), we construct the following homotopỹ
As previous discussion, we assume that
Furthermore, the dimensionless frequency is also expanded in a series of p, namely
Substituting Eqs. (29) and (32) into pinned-pinned boundary conditions (4a) yields
Substituting Eqs. (32) and (33) into Eq. (31) and collecting terms of the same power of p, we obtain the following inhomogeneous linear differential equations to solve
Oder p
Oder p 2 :
As discussed in Section 2, the solution and eigenvalue of Eq. (35) are given, respectively, by
To solve Eq. (36), let ϕ 1 = ∞ n=1 ϕ 1n and ψ 1 = ∞ n=1 ψ 1n . Besides, we assume that ϕ 1n and ψ 1n can be expressed as a linear combination of their zero-order ones [13] , namely
Substituting Eq. (40) into Eq. (36)(a), we obtain
Multiplying Eq. (41) by sin kπ ξ , integrating from 0 to 1, and using the orthonormality property of trigonometric functions,
If k = n, the left-hand side of Eq. (43) vanishes, while the right-hand side renders
However, if k = n, 
At the same time, the condition (44) is recovered, while the constants a nn , b nn can be determined by the initial conditions.
Proceeding to the second order (37), we assume that ϕ 2 = ∞ n=1 ϕ 2n and ψ 2 = ∞ n=1 ψ 2n , along with
Substituting Eqs. (38), (46) and (49) into Eq. (37)(a), we obtain
Multiplying Eq. (50) by sin sπ ξ , integrating from 0 to 1, using the orthonormality property (42), we have
If s = n, the left-hand side of Eq. (51) vanishes. With Eq. (48) in mind, the right-hand side yields
If s = n, Eq. (51) gives 
while the constants c nn , d nn can be determined by the initial conditions (4). Here, the determination of these coefficients is omitted for brevity.
Therefore, to second order, setting p = 1 in Eq. (33), we obtain the dimensionless frequencies to be of the form
Taking ω N to be the fundamental natural frequencies of the pipe in the absence of fluid flow,
while V c to be the critical velocity of flow for static buckling of the pipe, namely
we can determine the natural frequencies of the pipe by
In order to verify the correctness and accuracy of the obtained solution (60), let us compare it with that given by Housner [3] , that is The variations of natural frequencies with increasing dimensionless flow velocity are depicted by Figs. 1-3 . Also presented in Fig. 1 are the experimental results, given by Dodds and Runyan [14] , and FEM results. The experimental parameters, which are also used in the numerical studies, are
with Do = 2.54 cm and t = 0.165 cm being the pipe's outer diameter and wall thickness, respectively. The figures show that the natural frequencies of the pipe decrease with the increase of the internal fluid velocity. Also, it can be seen that this paper's theoretical results agree well with their experimental and numerical counterparts with the deviations being within 10% as the flow velocity being away from the critical point. Noticeably, for industrial used pipes, the range of non-dimensionalized flow corresponding to very fast flows [15] . To further investigate the solution (60), we choose another set of numerical parameters of an industrial pipeline [16] , which are illustrated in Table 1 . Comparisons of the frequencies associated with the first three vibration modes with the FEM results and Eq. (61) are shown in Table 2 . In practical concern, it can be observed that the relative error of the natural frequencies is less than 4%, from which one can conclude that the applied HPM provides fully reliable results provided that the fluid flow velocity is modest. 
Conclusions
In this study, an alternative approach to usually used methods, i.e. Galerkin method and complex mode approach, is provided to investigate the natural frequencies of fluid-conveying pipes. This proposed method possesses advantage in comparison with the known methods. Namely, the proposed approach enables a solution represented in an explicit analytical form, which does not require a numerical solution of any analytical transcendental equation governing the frequencies. The validity of this procedure for the determination of natural frequencies is substantiated through two examples, from which we can also see that this method can be easily extended to solve other kinds of initial-boundary-value problems.
